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Encouraged by the success of RMF+BCS approach for the description of the ground
state properties of the chains of isotopes of proton magic nuclei with proton number
Z=8, 20, 28, 50 and 82 as well as those of proton sub-magic nuclei with Z=40, we have
further employed it, in an analogous manner, for a detailed calculations of the ground
state properties of the neutron magic isotones with neutron number N = 8, 20, 28,
50, 82 and 126 as well as those of neutron sub-magic isotones with N = 40 using the
TMA force parameterizations in order to explore low lying resonance and other exotic
phenomenon near drip-lines. The results of these calculations for wave-function, single
particle pairing gaps etc. are presented here to demonstrate the general validity of our
RMF+BCS approach. It is found that, in some of the proton-rich nuclei in the vicinity
of the proton drip-line, the main contribution to the pairing correlations is provided by
the low-lying resonant states, in addition to the contributions coming from the states
close to the Fermi surface, which results extended proton drip-line for isotonic chain.
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1. Introduction
During the last few years, phenomenal advances in nuclear experimental techniques
and the spectacular growth in accelerator and detection technology have led to the
development of radioactive nuclear beams facilities around the world 1,2,3,4,5,6,7.
With these remarkable efforts it has been possible to study exotic nuclei in the region
far from the line of β-stability in the nuclear chart. As far as theoretical studies
are concern for these nuclei in neutron- and proton-rich side they have been mostly
carried out within the framework of mean-field theories 8,9,10,11,12,13, as well as
employing their relativistic counterparts 14-29. The effect of continuum on the
pairing energy contribution within the HF+BCS+Resonant continuum approach
has been calculated by Grasso et al. 11 and Sandulescu et al. 12,13. Similarly, the
effect of inclusion of positive energy resonant states on the pairing correlations has
been investigated quite elaborately for the unstable nuclei by Yadav et al. 28,29
within the framework of relativistic mean-field (RMF) theory.
RMF approach has proved to be very crucial for the study of unstable nuclei
near the drip-line because it provides the spin-orbit interaction in the entire mass
region in a natural way 14,15,16,17,18, and the single particle properties near the
threshold are prone to large changes as compared to the case of deeply bound levels
in the nuclear potential for drip-line nuclei. Indeed the RMF+BCS scheme 29 yields
results which are in close agreement with the experimental data and with those of
recent continuum relativistic Hartree-Bogoliubov (RCHB) and other similar mean-
field calculations 26,27.
In the present investigations we have further employed the relativistic mean-
field plus BCS approach 28,29,30,31,32 to carry out a systematic study for the
ground state properties of the entire chains of neutron magic nuclei represented by
isotones of traditional neutron magic numbers N = 8, 20, 28, 50, 82 and 126 as
well as isotones of N = 40, considered to be neutron sub-magic 33. These chains
of magic isotones cover the different regions of the periodic table and their study is
expected to provide further testing ground for the general validity of the RMF+BCS
approach, including for the magic isotones in the region away from the line of β-
stability up to the drip-lines. Additionally, these calculations are expected to shed
light on the evolution of neutron and/or proton magicity as we move away from line
of β-stability to approach the proton or neutron drip-line. This study of isotones
will provide additional impetus on the recent developments on isotones 34,35,36,37.
2. Relativistic Mean-Field Model
In our RMF approach we have used the model Lagrangian density with nonlinear
terms both for the σ and ω mesons. Our calculations are performed with the TMA
parametrization as described in detail in Refs. 23, 28, 30, 31.
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where H , G and F are field tensors for the vector fields and defined by
Hµν = ∂µων − ∂νωµ
Gaµν = ∂µρ
a
ν − ∂νρaµ − 2gρ ǫabcρbµρcν
Fµν = ∂µAν − ∂νAµ ,
and other symbols have their usual meaning. We perform a state dependent BCS
calculations38,39 on the basis of single-particle spectrum calculated by the RMF
described above. The continuum is replaced by a set of positive energy states gen-
erated by enclosing the nucleus in a spherical box. Thus the gap equations have the
standard form for all the single particle states, i.e.
∆j1 = −
1
2
1√
2j1 + 1
∑
j2
〈
(j1
2) 0+ |V | (j22) 0+
〉
√(
εj2 − λ
)2
+ ∆2j2
√
2j2 + 1 ∆j2 , (2)
where εj2 are the single particle energies, and λ is the Fermi energy, whereas the
particle number condition is given by
∑
j (2j + 1)v
2
j = N. A delta force i.e., V = -
V0δ(r) is used in the calculations for the pairing interaction, with the same strength
V0 for both protons and neutrons. The value of this interaction strength V0 = 350
MeV fm3 was determined in Ref. 28 by obtaining a best fit to the binding energy
of Ni isotopes. We use the same value of V0 for our present studies of isotopes of
other nuclei as well. Apart from its simplicity, the applicability and justification of
using such a δ-function form of interaction has been discussed in Refs. 8, 40, 41.
The pairing matrix element for the δ-function force is given by
〈
(j1
2) 0+ |V | (j22) 0+
〉
= − V0
8π
√
(2j1 + 1)(2j2 + 1) IR , (3)
where IR is the radial integral with the form
IR =
∫
dr
1
r2
(
G⋆j1 Gj2 + F
⋆
j1 Fj2
)2
(4)
Here Gα and Fα denote the radial wave functions for the upper and lower compo-
nents, respectively, of the nucleon wave function expressed as
ψα =
1
r
(
i Gα Yjαlαmα
Fα σ · rˆ Yjαlαmα
)
, (5)
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and satisfy the normalization condition∫
dr {|Gα|2 + |Fα|2} = 1 (6)
In Eq. (5) the symbol Yjlm has been used for the standard spinor spherical har-
monics with the phase il. The coupled field equations obtained from the Lagrangian
density in (1) are finally reduced to a set of simple radial equations 17,18 which
are solved self consistently along with the equations for the state dependent pairing
gap ∆j and the total particle number N for a given nucleus.
The relativistic mean-field description has been extended for the deformed nuclei
of axially symmetric shapes by Gambhir, Ring and their collaborators 19,20 using
an expansion method. The treatment of pairing has been carried out in Ref. 32
using state dependent BCS method 38 as has been given by Yadav et al. 28,29 for
the spherical case. For axially deformed nuclei the rotational symmetry is no more
valid and the total angular momentum j is no longer a good quantum number.
Nevertheless, the various densities still are invariant with respect to a rotation
around the symmetry axis. Here we have taken the symmetry axis to be the z -
axis. Following Gambhir et al. 19,20, it is then convenient to employ the cylindrical
coordinates.
The scalar, vector, isovector and charge densities, as in the spherical case, are
expressed in terms of the spinor πi, its conjugate π
+
i , operator τ3 etc. These densi-
ties serve as sources for the fields φ = σ, ω0 ρ0 and A0, which are determined by
the Klein-Gordon equation in cylindrical coordinates. Thus a set of coupled equa-
tions, namely the Dirac equation with potential terms for the nucleons and the
Klein-Gordon type equations with sources for the mesons and the photon is ob-
tained. These equations are solved self consistently. For this purpose, as described
above, the well-tested basis expansion method 42 has been employed 19,20. Using
anisotropic (axially symmetric) harmonic oscillator potential the bases are gen-
erated. These bases are used to expand the upper and lower components of the
nucleon spinors, the fields, the baryon currents and densities separately. In this
expansion method the solution of the Klein-Gordon equation reduces to a set of
inhomogeneous equations while the Dirac equation gets reduced to a symmetric ma-
trix diagonalization problem. Solution of these equations provide the spinor fields,
and the nucleon currents and densities (sources of the fields). From these fields all
the relevant ground state nuclear properties are calculated. For further details of
these formulations we refer the reader to Ref. 19, 20, 30, 32.
3. Results and Discussion
3.1. N = 28 Isotones: A Representative Case of Neutron Magic
Nuclei
It has been earlier demonstrated in the case of neutron-rich isotopes of proton magic
nuclei 29 that the neutron resonant states lying near the Fermi level have their wave
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functions mostly confined within the nuclear potential region. Consequently, these
resonant states have properties akin to a bound state. This enables a resonant
state to accommodate many more neutrons resulting in extremely neutron-rich
bound nuclei. Accommodation of more neutrons in turn finally extends further the
neutron drip-line. The present study of isotones is intended to demonstrate the
persistence of this phenomenon in the case of neutron magic nuclei as well. Thus,
in the case of neutron magic isotones the proton drip-line, instead of neutron drip-
line, is found to be extended. However, in contrast to the neutron drip-line case of
proton magic nuclei, here the effect of extending the proton drip-line is not seen to
be pronounced. This is due to the disruptive effect of Coulomb forces which very
much limit the number of protons being accommodated while keeping the isotonic
nucleus bound.
Moreover, as per the definition of two proton (neutron) drip-lines the nuclei
become unbound as soon as the two proton (neutron) separation energy approaches
zero. However, some nuclei even with negative two proton separation energy may
have finite life time due to the combined effect of Coulomb and centrifugal barriers.
This life time may be large enough to allow even such a nucleus to be studied
experimentally. This effect in combination with the resonant states phenomenon
described above effectively further pushes the proton drip-line with nuclei having
negative two proton separation energy.
The shell closures with pronounced gaps between shells in nuclei endow them
with spherical shape. Consequently, the magic nuclei are characterized with zero
deformation. In our systematic investigations we first carry out RMF+BCS calcu-
lations including the deformation degree of freedom (to be referred to throughout
as deformed RMF+BCS) to establish whether the entire chain of magic isotones
for a given neutron number is indeed spherical or not. It is gratifying to note that
leaving aside a few exceptions away from the line of stability in the case of N = 40
and also to some extent for the neutron-rich N = 28 isotones, invariably the entire
chain of nuclei shows negligible deformation, especially for N = 8, 20, 50, 82 and
126 where entire chain shows zero deformation.
In the case of negligible/zero deformation, we take advantage of the RMF+BCS
approach for spherical shapes (to be referred to throughout as spherical RMF+BCS)
for the analysis of results in terms of spherical single particle wave functions and
energy levels to make the discussion of shell closures and magicity more convenient
and transparent. Also, behavior of the single particle states near the Fermi surface
which in turn plays an important role near the drip-line can be easily understood.
Moreover, within such a framework contributions of neutron and proton single par-
ticle states to the density profiles, pairing gaps, total pairing energy and separation
energy which are also equally important in the study of exotic phenomena can be
demonstrated with clarity. This approach indeed turns out to be very useful for the
study of poorly understood exotic nuclei.
Our spherical RMF+BCS calculations have been performed with two different
force parametrization, TMA and NL-SH 23,25 to check if the results have any
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dependence on force parametrization. Details of our calculations show that the two
interactions employed here produce very similar results. Therefore, unless required,
in most of the cases we have presented the results obtained with the TMA force 23
only.
3.1.1. Proton-Rich Nucleus 5830Zn28 at the drip-line:
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Fig. 1. The RMF potential energy (sum of the scalar and vector potentials), for the nucleus 58
30
Zn28
as a function of radius is shown by the black long dashed line. The centrifugal barrier energy for
proton resonant states 1f5/2 and coulomb barrier are also shown in the figure by dot dashed blue
line and dashed green line respectively. The red solid line represents total potential, the sum of
RMF potential energy, the centrifugal barrier energy and the coulomb barrier. The figure also
shows the energy spectrum of the proton single particle states lying close to the Fermi level and
include both the bound and continuum states. The important resonant states 1f5/2, 2p3/2 and
2p1/2 at 0.57, 0.84 and 1.82 MeV, respectively are also depicted in the figure.
In order to demonstrate our results for the proton-rich nucleus 5830Zn28 of the
N = 28 isotonic chain, we have plotted in Fig. 1 the calculated RMF potential, a
sum of scalar and vector potentials, along with the spectrum of the bound proton
single particle states. Though this is a typical example of the proton-rich case, the
main features of the potential, single particle spectrum and wave functions besides
some finer details remain valid for all the isotones. The figure also shows the positive
energy proton single particle states corresponding to the low-lying resonances 1f5/2,
2p3/2 and 2p1/2 close to the Fermi surface. Amongst these, it is observed that
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especially the resonant states play significant role in the binding of proton-rich
isotone 5830Zn28 through their contributions to the total pairing energy. In contrast
to other states in the box, the respective position of the resonant 1f5/2, 2p3/2 and
2p1/2 states is not much affected by changing the box radius around R = 30 fm. For
the purpose of illustration we have also depicted in Fig. 1 centrifugal barrier of 1f5/2
states and coulomb barrier. The total mean-field potential, obtained by adding the
centrifugal potential energy and coulomb barrier energy is also shown. It is evident
from the figure that the total effective potential for the 1f5/2 state including coulomb
barrier, has an appreciable barrier for the trapping of waves to form a quasi-bound
or resonant state. Such a meta-stable state remains mainly confined to the region
of the potential well and the wave function exhibits characteristics similar to that
of a bound state.
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Fig. 2. Radial wave functions of a few representative proton single particle states with energy
close to the Fermi surface for the nucleus 58
30
Zn28. The resonant states 1f5/2, 2p3/2 and 2p1/2 at
energies 0.57, 0.84 and 1.82 MeV, respectively, are shown by solid lines, while the bound 2s1/2
state at -12.17 MeV, and 1f7/2 state at -7.04 MeV are shown by long dashed and dotted lines. The
continuum 1g9/2 state at 3.53 MeV has been depicted by small dashed line. It is seen that the
resonant states in the continuum have characteristics similar to the bound states and are confined
within the potential region.
This is clearly observed in Fig. 2 which depicts the radial wave functions of some
of the proton single particle states lying close to the Fermi surface with the proton
Fermi energy being λp = −0.097 MeV. These include the bound 1f7/2 and 2s1/2
states, in addition to the resonant 1f5/2, 2p3/2 and 2p1/2 states. As an example of
a non-resonant state, the figure also depicts a typical high lying continuum 1g9/2
state at 3.53 MeV. The wave functions for the 1f5/2, 2p3/2 and 2p1/2 states in Fig.
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2 are clearly seen to be confined within a radial range of about 8 fm, and have a
decaying component outside this region characterizing resonant states. Such type
of states thus have a good overlap with the bound states near the Fermi surface
leading to significant contribution to the pairing gap value ∆1f5/2 , ∆2p3/2 , ∆2p1/2
and also to the total pairing energy of the system near the drip-line.
In contrast, the main part of the wave function for the non-resonant states, e.g.
1g9/2, is seen to be spread over outside the potential region, though a small part
is also contained inside the potential range. This type of state thus has a poorer
overlap with the bound states near the Fermi surface leading to small value for
the pairing gap ∆1g9/2 . Similarly, other positive energy states lying away from the
Fermi level, for example, 1h11/2, 1i13/2 etc. have a negligible contribution to the
total pairing energy of the system. These features can be seen from Fig. 3 which
depicts the calculated pairing gap energy ∆j for some of the proton states in the
nucleus 5830Zn28. However, we have not shown in the figure the single particle states
having negligibly small ∆j values as these do not contribute significantly to the
total pairing energy.
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Fig. 3. Pairing gap energy ∆j of proton single particle states with energy close to the Fermi surface
for the nucleus 58
30
Zn28. The resonant 1f5/2, 2p3/2 and 2p1/2 states at energy 0.57, 0.84 and 1.82
MeV, respectively, have the gap energy of about 1 MeV which is close to that of bound states like
1f7/2, 2s1/2 etc.
One observes indeed in Fig. 3 that the gap energy for the 1f5/2 state has a value
close to 1 MeV which is quantitatively similar to that of bound states 1f7/2 and
2s1/2. Also, Fig. 3 shows that the pairing gap value for the non-resonant states in the
continuum , like 1g9/2, have negligible gap energy close to zero. On further addition
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of two protons to the drip-line nucleus 5830Zn28, it yields the heavier isotone
60
32Ge28.
This nucleus 6032Ge28 has negative two proton separation energy and lies beyond
the proton drip-line and it is a good candidate of two proton decay as observed in
Ref. 43. This nucleus decays by emission of two proton with the combined effect of
the Coulomb and centrifugal barrier as has been discussed elaborately in Ref. 30.
This is in contrast to the proton magic nuclei which are neutron-rich nuclei and
lie near the neutron drip-line, for example the heavier isotopes of Ca 28,29. As
explained in Ref. 29, on further addition of neutrons in the case of neutron-rich Ca
isotopes the single particle states like 3s1/2, 1g9/2 and 2d5/2 which lie near the Fermi
level gradually come down close to zero energy on increasing no. of neutrons. Even
the 1g9/2 and 3s1/2 states become bound states. This helps in accommodating
more and more neutrons which are just bound. In fact, the occupancy (no. of
particle in the state) of the 3s1/2 state in these extremely neutron-rich isotopes
causes the halo formation 29. This difference between the neutron-rich isotopes,
and proton-rich isotones involving similar single particle states is solely caused by
the large repulsive Coulomb interaction with further addition of protons. This is
easily demonstrated by comparing the situations, for example, in the heavier Ca
isotopes like 62−72Ca 29, with that in the heavier N=28 isotones like 5830Zn28 and
60
32Ge28.
RMF calculations 32 show that this nucleus 6032Ge28 has two proton separation
energy S2p = -0.52 and one proton separation energy Sp = 0.27 and may be a
possible candidate of two proton radioactivity 43 due to the combined barrier pro-
vided by the Coulomb and centrifugal effects. The physical situation of proton-rich
60
32Ge28 nucleus is similar to the previous nucleus
58
30Zn28. The states 1f5/2, 2p3/2 and
2p1/2 at energy 0.74, 1.13 and 2.12 MeV, respectively are resonant states for this
nucleus. Such nuclei close to the drip-line or even beyond the drip-line have been
the focus of experimental studies during the last few years employing the latest
new technological advancements in the field of radioactive ion beams. Such nuclei
may be good candidates of two proton radioactivity which is experimentally veri-
fied recently in the decay of 45Fe 44,45, and subsequently in other experiments in
the decay of 54Zn 46,47 and 48Ni 48,49. RMF description of such nuclei has been
presented elaborately in Ref. 30.
3.1.2. Two proton separation energy, Single particle energy:
The contribution of pairing energy plays an important role for the stability of the
nuclei near the drip-lines and consequently in deciding the position of the neutron
and proton drip-lines. The proton shell closure as indicated by the calculated results
for Z = 20 and 28 along with the neutron shell closure for the isotones with N =
28 render the nuclei 48Ca and 56Ni doubly magic. However, it is found that the N
= 28 shell closure gets weakened in the proton deficient side and at Z = 12 for the
nucleus 40Mg the shell closure N = 28 quenches which is in accordance with recent
study of disappearance of N = 28 magicity near drip-line 35.
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Fig. 4. Lower Panel: Two proton separation energy S2p for the nuclei of N = 28 isotonic chain.
Spherical RMF+BCS calculations carried out with the TMA and NL-SH force parameters are
compared with the available experimental data and with the deformed RMF+BCS calculations
using the TMA force parametrization. Upper Panel: The difference ∆S2p of the calculated results
for the two proton separation energy with respect to that of the available experimental data.
The shell structure as revealed by the pairing energies are also exhibited in
the variation of two proton separation energies S2p as shown in the lower panel of
Fig. 4 for the N = 28 isotones. It is observed from the lower panel of the figure
that the spherical RMF+BCS calculations employing the TMA and NL-SH force
parametrization are similar in nature, which in turn are also seen to be close to
the deformed RMF+BCS calculations. A comparison of these three calculations
with the available experimental data for the two proton separation energy shows
that these are in fairly good agreement with the measurements. However, For the
purpose of a closer comparison, we have explicitly displayed in the upper panel of
Fig. 4 the differences ∆S2p between the calculated results and the experimental
data for the two-proton separation energy. It is observed that the absolute value of
the difference as expressed by ∆S2p varies from a minimum of close to zero, to a
maximum of about 4 MeV for the entire chain of N = 28 isotonic nuclei.
Furthermore, as expected, it is observed from the lower panel of Fig. 4 that
an abrupt decrease in the two proton separation energy S2p, occurs for the isotone
lying next to a magic number. Once again this supports robust shell closures at Z
= 20 and 28 as can be seen from the lower panel of Fig. 4. Also, from this figure
it is clearly seen that for the spherical as well as for the deformed RMF+BCS
calculations the two proton drip-line lies at Z = 30. The S2p value at the drip-
line for the spherical as well as deformed RMF+BCS calculation using TMA force
parameters is found to be positive. Beyond Z = 30, the S2p value becomes negative
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as can be seen from the lower panel of Fig. 4.
12 16 20 24 28 32 36
Proton Number Z
−60
−50
−40
−30
−20
−10
0
10
S.
 P
.  E
ne
rg
y [
M
eV
]
2p3/2
1d3/2
2p1/2
1f5/2
2s1/2
1d5/2
Proton Single ParticleN=28 Isotones
RMF(TMA)
1f7/2
1s1/2
1p1/2
1p3/2
Fig. 5. Variation of the proton single particle energies obtained in the spherical RMF+BCS
calculations with the TMA force for the N = 28 isotones with increasing proton number. The
proton Fermi level has been shown by filled circles connected by solid line, while the neutron Fermi
level is depicted by filled inverted triangles also connected by solid line to guide the eyes.
In the spherical cases the structure of proton (or neutron) single particle energy
and its variation with increasing proton (or neutron) number for the nuclei in
general plays an important role in the understanding and explanation of position of
drip-lines, variation in the proton or neutron radii and density distributions. Thus
for the isotone 5628Ni28 the proton and neutron single particle structures indicate
shell closures for both proton and neutron due to a large gap between the single
particle state 1f7/2 and the next high lying states 1f5/2 and 2p3/2. In the case of
proton single particle states this gap is of about 8 MeV as can be seen in Fig. 5.
Similar gap, though slightly less pronounced, between the proton single particle
state 2s1/2 and the next high lying 1f7/2 state gives rise to shell closures at proton
number Z = 20 as is clearly seen in Fig. 5. Thus, the isotone 4820Ca28 is seen to be a
doubly magic nucleus. A large energy gap is also seen between the 1d5/2 and 1d3/2
proton single particle states and the proton number Z = 14 is expected to produce
shell closure.
From Fig. 5 it is observed that beyond the proton number Z = 28, the proton
single particle states 1f5/2 and 2p3/2 lie in the continuum having energy 0.57 MeV
and 0.84 MeV, respectively. The proton Fermi energy shown by the filled circles
connected by the solid line also moves up to be very close to zero energy value (ǫf =
-0.097 MeV). Consequently, further addition of 2 protons beyond Z = 28, partially
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fills the positive energy proton single particle states 1f5/2 and 2p3/2 which act as
resonant states for the nucleus 5830Zn28 as has been described earlier in sec. 3.1.1.
The occupancy i.e. number of particles occupying the levels, of these states with
increasing proton number has been shown in Fig. 6.
These resonant states are akin to the bound states having their wave functions
confined within the nuclear potential region, and this helps to make the isotone
58
30Zn28 a bound nucleus located close to the proton drip-line. Another addition of 2
protons gives the isotone 6032Ge28 wherein the occupancy of the proton single particle
states 1f5/2 and 2p3/2 increases further as is seen in Fig. 6. However, beyond Z =
30, the proton drip-line is reached the next isotone 6032Ge28 is found to be unstable
against 2 proton emission as has been discussed earlier.
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Fig. 6. Variation as a function of increasing proton number Z in energy shown by open circles, and
occupancy (number of particles occupying the levels) depicted by open triangles for the proton
single particle states 1f5/2 and 2p3/2 which act as resonant states in the proton-rich nuclei (Z >
28) of the N = 28 isotonic chain.
As remarked in previous section, even though such a nucleus is unbound its
decay by 2 proton emission is appreciably delayed due to the barrier produced by
the Coulomb interaction. In fact the resonant proton single particle states 1f5/2
and 2p3/2 could accommodate all together 10 particles beyond Z = 28 and thus
would have in effect pushed the proton drip-line far away to a large proton number
Z instead of Z = 30 in analogy, for example, to the case of Ca isotopes wherein the
low lying resonant states 1g9/2 accommodates 10 neutrons to enable the existence
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of highly neutron-rich heavy Ca isotopes 28,29. However, due to the disruptive
Coulomb interaction amongst protons, the existence of heavier N = 28 isotones
beyond Z =30, that is heavier than the isotone 6032Ge28, with a life time large
enough to enable experimental measurements as in the case of unbound 6032Ge28
isotone becomes rather difficult.
3.2. Neutron Magic Nuclei of N = 8, 20, 40, 50, 82 and 126
Isotonic Chains
In the present section it is shown that the neutron magic isotones with neutron
number N = 8, 20, 50, 82 and 126, as well as the submagic isotones corresponding
to N = 40 exhibit many characteristics in common to each other and also to that of
N = 28 isotones. Thus, in order to save space, here we have described collectively
together, though in brief, the results for the nuclei forming the isotonic chains with
neutron magic and submagic numbers. Again, instead of displaying the properties
of nuclei in each isotonic chain separately, to save space we have considered only a
specific isotone, especially the proton-rich one, from each chain for the purpose of
illustration.
The deformed RMF+BCS calculations indicate that all the isotones with neu-
tron number N = 8, 20, 50, 82 and 126 are almost spherical with zero quadrupole
deformation parameter. Thus the chains of these isotones can be conveniently de-
scribed within the spherical approach. In contrast, as expected, in the case of sub-
magic N = 40 isotonic chain the proton-rich isotones for Z ≥ 32 are well deformed.
Thus only nuclei with the spherical shape of N = 40 isotonic chain have been in-
cluded in the spherical RMF+BCS description along with the isotones of the chains
with N = 8, 20, 50, 82 and 126.
Similar to the case of heavy proton-rich nuclei in the N = 28 isotonic chain, the
proton-rich nuclei lying close to the proton drip-line in the isotonic chain of neutron
magic numbers N = 40 and 126, and to a lesser extent those in the isotonic chains
of N = 50 and 82, exhibit characteristics of having proton resonant states which
help in accommodating more protons giving rise to the existence of exotic proton-
rich nuclei. As opposed to the case of isotones with N = 28, 50, 82, 126 and 40,
low lying proton resonant states are not found in nuclei of the isotonic chains with
N = 8 and 20.
With this in view, we have chosen the nuclei 4626Fe20,
96
46Pd50,
154
72 Hf82 and
220
94 Pu126
as the representative examples of the proton-rich nuclei in the N = 20, 50, 82 and
126 neutron magic isotonic chains and describe their features in detail obtained
within the spherical RMF+BCS approach. This aims to elucidate the typical fea-
tures of the calculated potential, single particle wave function and the pairing gap
energy etc. We have not included here the description of any proton-rich isotone for
N = 40 since these are well deformed as mentioned above. Also, in order to save
space, we have not included any proton-rich isotone with N = 8 as this case is very
similar to that of the proton-rich N = 20 isotones.
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In Fig. 7 we have plotted using solid lines the RMF potentials, a sum of scalar
and vector potentials, for the representative proton-rich 4626Fe20,
96
46Pd50,
154
72 Hf82 and
220
94 Pu126 nuclei mentioned above along with the spectrum for the bound proton
single particle states.
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Fig. 7. The RMF potential energy plots (sum of the scalar and vector potentials) for the proton-
rich 46
26
Fe20, 9646Pd50,
154
72
Hf82 and 22094 Pu126 nuclei of the isotonic chain with neutron number N =
20, 50, 82 and 126, respectively, as a function of radius. Besides the position of low lying resonant
states, the plots also show the energy spectrum of the bound and continuum proton single particle
states. The long dashed line represents the sum of RMF potential energy and the centrifugal
barrier energy for the proton resonant states mentioned in the plots. No low lying resonant state
occurs in the case of N = 20 proton-rich isotones such as 46
26
Fe20.
The plots also depict a few positive energy proton single particle states near the
Fermi level, besides the low lying resonant states which contribute to the pairing
energy. These resonant states are respectively, 1g7/2 at energy 2.67 MeV in
96
46Pd50,
1h9/2 at energy 5.73 MeV in
154
72 Hf82 and 1i13/2 at energy 1.00 MeV in
220
94 Pu126. For
these resonant states we have also shown by long dashed lines the total mean-field
potential given by a sum of RMF potential energy and centrifugal barrier energy. It
is evident from Fig. 7 that the effective total potential for the resonant states have
an appreciable barrier for the confinement of waves to form a quasi-bound state.
It is seen from Fig. 7 that with increasing proton number, as expected, the
density of states increases. Moreover, with the increasing number of neutrons and
protons the total RMF potential region also gets appreciably larger. Also, as de-
scribed in the case of proton-rich N = 28 isotonic chain nucleus 5830Zn28, it is evident
from the plots that the effective total potential for the states 1g7/2 in
96
46Pd50, 1h9/2
in 15472 Hf82 and 1i13/2 in
220
94 Pu126 has an appreciable barrier for the confinement of
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Fig. 8. Radial wave functions of a few representative proton single particle states with energy close
to the Fermi surface for the proton-rich 46
26
Fe20, 9646Pd50,
154
72
Hf82 and 22094 Pu126 nuclei belonging
to the isotonic chains of N = 20, 50, 82 and 126, respectively, are shown. The proton resonant
states for different nuclei have been depicted by solid lines. No low lying resonant state is found
in nuclei belonging to N = 20 and N = 8 isotonic chains.
waves to form a quasi-bound or resonant state. The wave functions of these states
exhibit characteristics similar to that of a bound state as is seen in the plots shown
in Fig. 7. In contrast, the main part of the wave functions for the non-resonant states
for these nuclei is seen to be mostly spread over outside their potential region. The
wave function of the proton single particle states 3s1/2 in
46
26Fe20 and
96
46Pd50, 3p3/2
in 15472 Hf82, and 3d3/2 in
220
94 Pu126 displayed in Fig. 8 represent typical examples of
such states. No low lying resonant states are found in the case of proton-rich nuclei
of the isotonic chains with N = 20 and N = 8. For the nucleus 4626Fe20 illustrated
here as an example of proton-richN = 20 isotone, the possible proton resonant state
1f5/2 lies much above the proton Fermi level in the continuum. Similar situation
prevails for the nuclei belonging to N = 8 isotonic chain. In both cases the states
in the continuum close to the proton fermi level are low angular momentum states,
viz. 3s1/2, 2p3/2, 2p1/2, 2d5/2 etc. The effective total potential for these states does
not seem to have appreciable barrier to form a quasi-bound state as is clearly seen
from the wave functions of some of these states displayed in Fig. 8. The above
mentioned characteristics of resonant and non-resonant states are also seen in their
contributions to the pairing gap energies as has been described below.
The wave functions for the resonant states are clearly seen to be confined within
a radial range of about 10 fm, and have a decaying component outside this region.
Such type of states may have a good overlap with the bound states near the Fermi
surface leading to significant contribution to the respective pairing gap values, and
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also to the total pairing energy of the system near the drip-line.
In Fig. 9 we have displayed the pairing gap energy values of proton single particle
states located close to the Fermi level. It is seen from Fig. 9 that the pairing gaps
for the single particle proton states in the representative nucleus 4626Fe20 for the
isotonic chain N = 20 near the Fermi level range approximately between 0.9 MeV
to 1.3 MeV, where the Fermi energy lies at ǫf = -0.041 MeV. In contrast to other
representative cases shown in Fig. 9, viz. 9646Pd50,
154
72 Hf82 and
220
94 Pu126, it is seen
that only the lowest proton single particle states are occupied according to the
number of protons, and the pairing interaction does not couple the bound states
near the Fermi level with the positive energy states. Thus in the case of proton-rich
46
26Fe20 nucleus the positive energy states are not populated. A similar situation is
seen to prevail in the case of nuclei belonging to the isotonic chain with N = 8.
The next two plots in Fig. 9 show the pairing gap energies for the nuclei 9646Pd50
and 15472 Hf82 representing the proton-rich examples of the isotonic chain with N =
50 and N = 82 respectively. Again, it is clearly seen in the figure that the resonant
proton single particle states 1g7/2 (ǫ = 2.67 MeV) in
96
46Pd50 and 1h9/2 (ǫ = 5.73
MeV) in 15472 Hf82 have large pairing gap values similar to that of bound proton single
particle states. These resonant states lie far away from the proton Fermi level which
is located at ǫf = -4.11 MeV in
96
46Pd50 and at ǫf = -0.487 MeV in
154
72 Hf82. Due to
such energy difference the resonant states in these nuclei are not able to connect
to the states near the Fermi level through the pairing correlations and, therefore,
their contribution to the pairing energy is also rather small. This also implies that
the effect of resonant states in accommodating more protons to the system near the
proton drip-line, and hence pushing the drip-line further is not prominent in the
case of 9646Pd50 and
154
72 Hf82 nuclei of the isotonic chains with N = 50 and N = 82.
For the nucleus 22094 Pu126 representing the isotonic chain with neutron number
N = 126 the proton single particle resonant state is 1i13/2 as shown in Fig. 9. This
resonant state lies at energy ǫ = 1.00 MeV, whereas the proton Fermi level is located
at ǫf = -0.149 MeV. Again, it is seen that the pairing gap energy of the resonant
1i13/2 state has a value ∆j ≈ 1.2 MeV, which is close to that of the bound states.
As can be seen in the plot for the 22094 Pu126 isotone in Fig. 9, there are other
continuum states, viz. 2f7/2, 2f7/2, 3p3/2, 3p3/2 and 1i11/2 which lie at higher energy
and have relatively appreciable values for the pairing gap energy. The proton 1i13/2
state being a resonant state has good overlap with the bound states and, therefore,
is found to have sizeable contribution to the pairing energy. This helps in the
occurrence of bound proton-rich isotone 22094 Pu126 located at the two proton drip-
line for the N = 126 isotonic chain. Other states mentioned above; though these
also have appreciable pairing gap energy, are found to have no substantial overlap
with the bound states lying far down in energy. This implies that the occupancy
of these continuum states is negligible and their contribution to the total pairing
energy is not substantial. Contrary to this, the resonant single particle state 1i13/2
September 24, 2018 5:4 WSPC/INSTRUCTION FILE nmagic-revised1
Study of Neutron Magic Drip-Line Nuclei within RMF+BCS Approach 17
−12 −10 −8 −6 −4 −2 0 2
Proton S.P. Energy εj(MeV)
0
1
2
Pa
iri
ng
 ga
p ∆
j(M
eV) 1
2
−4 −2 0 2 4 6 8
96Pd50
2d
5/2 1h
11
/2
2d
3/2
3s1
/2
46Fe20
1h9/2
RMF(TMA)
1g
7/2
εf=−0.487 MeV
(5.73 MeV)
154Hf82
220Pu126
1g7/2
46
1h
9/2
3s1
/2
72
26
2f7
/2
2f5
/2 3p
3/2
3p
1/2
1i1
1/2(1.00 MeV)
 1i13/2
1f5
/2
εf=−0.149 MeV
RMF(TMA)94
1g
9/2
2p
1/22p
3/2
RMF(TMA)
  
      
εf=−4.11 MeV
RMF(TMA)
(2.67 MeV)
1f7
/21d
3/2
εf =0.041MeV
2s1
/2
2p
3/2 3p
3/2
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is found to be filled in by ≈ 2 protons.
4. Summary
In the present investigations we have employed relativistic mean-field plus BCS
(RMF + BCS) approach 14,16,17,18,19,20,23,24,28,30,31,32 to carry out a system-
atic study for the ground state properties of the entire chains of even-even neutron
magic nuclei represented by isotones of traditional neutron magic numbers N =
8, 20, 28, 50, 82 and 126 as well as isotones of N = 40, considered to be neu-
tron sub-magic. From the extensive calculations it is established that the majority
of isotones belonging to these chains are indeed spherical. For this purpose we
have employed the deformed RMF+BCS approach wherein for the sake of sim-
plicity only axially deformed shapes are considered19,20,24. For our calculations in
both approaches, the deformed RMF+BCS and the spherical RMF+BCS, we have
used the TMA 23 Lagrangian density extensively used in the relativistic mean-field
calculations28,29,32. Further, in order to check the validity of our description for dif-
ferent RMF force parameterizations, we have carried out the spherical RMF+BCS
calculations using also the NL-SH 24,25 Lagrangian density which has been equally
popular for the relativistic mean-field calculations.
One of the prime reason of this study has been to look into the role of low lying
resonant states which have been found earlier in the investigations of proton magic
isotopes of nuclei28,29 to act akin to the bound states leading to accumulation
of additional loosely bound neutrons. Eventually this resulted in the existence of
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highly neutron-rich nuclei. In some cases, even the occurrence of halo formation, for
example in the heavy Ca and Zr isotopes, has been predicted28,29. It is found that
the same mechanism does persist in these neutron magic nuclei and the proton single
particle resonant states play the same role here and give extra stability to drip-line
nucleus (nuclei). However, the phenomenon gets restricted to the accumulation of
only a few protons due to the disruptive Coulomb forces amongst protons.
As an important result of the present studies we have described the effect of
proton single particle resonant states in accommodating additional protons, which
results effectively in extending the two proton drip-line. This has been illustrated
through the example of proton-rich isotone 5830Zn28 lying at the two proton drip-line
of the N = 28 isotonic chain. Similar to the case of heavy proton-rich nuclei in the
N = 28 isotonic chain, the proton-rich nuclei lying close to the proton drip-line
in the isotonic chain of neutron magic numbers N = 40 and 126, and to a lesser
extent those in the isotonic chains of N = 50 and 82, exhibit characteristics of
having proton resonant states which help in accommodating more protons giving
rise to the existence of exotic proton-rich nuclei. Towards this end, we have chosen
for the purpose of illustration the isotones 4626Fe20,
96
46Pd50,
154
72 Hf82 and
220
94 Pu126 as
the representative examples of the proton-rich nuclei in the N = 20, 50, 82 and 126
neutron magic isotonic chains.
It is found for all the isotonic chains considered in the present study that the
calculated binding energy values obtained by employing the deformed RMF+BCS
approach are in very good agreement with the available experimental data 50. Since
majority of the isotones described here are spherical, these results are obviously
also in accord with the spherical RMF+BCS calculations as in the case of the
N = 28 isotonic chain. Moreover, results of our spherical RMF+BCS calculations
using TMA and NL-SH force parameters produce similar results. This similarity
in results is seen to hold true for all the other physical quantities, viz. the rms
radii and densities for proton and neutron distributions etc. indicating the force
independence of these results.
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